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Trinomial theorem for $\mathfrak{s}\mathfrak{l}_{2}$ and
certain of its applications
( )
T\^oru $\cup$ meda (Kyoto University)
$0$ : $-$ –
0.1. (binomial theorem) Newton
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Lie $\mathfrak{g}\mathfrak{l}_{N}$ ( ) $E_{ij}$ $A_{ij}=$
$E_{ij}-E_{ji}$ $N\cross N$ $A=(A_{ij})_{i}^{N_{j=1}}$ $A$
$U(0_{N})$ $A$
(colu-mn determinant) Capelli $U(0_{N})$
(Howe-Umeda [1991] Appendix). $N=2M$
Pfaffian
(0.2) $\det(A+ diag(M-1, M-2, \cdots, -M))=($ $Pf$ $A)^{2}$
dual pair Capelli ( 1996).





(0.4) Pf $\Phi=\frac{1}{2^{M}M!}\sum_{\sigma\in \mathfrak{S}_{2M}}$ sgn$(\sigma)\Phi_{\sigma(1)\sigma(2)}\Phi_{\sigma(3)\sigma(4)}\cdots\Phi_{\sigma(2M-1)\sigma(2M)}.$
$Det$ Pfaffian (0.4)
(0.5) $Det\Phi=\frac{1}{N!}\sum_{\sigma,\sigma\in \mathfrak{S}_{N}}$ sgn$(\sigma)$ sgn$(\sigma’)\Phi_{\sigma(1)\sigma’(1)}\Phi_{\sigma(2)\sigma’(2)}\cdots\Phi_{\sigma(N)\sigma’(N)}$
$\mathfrak{g} _{}N$ $0_{N}$ $Det$ $\det$
reduce ( ).
0.3. Itoh-Umeda (0.2) $2N$ $e_{1},$ $\cdots,$ $e_{N},$ $e_{1}’,$ $\cdots e_{N}’$
$\Lambda_{2N}$ $\Lambda_{2N}\otimes U(\mathfrak{o}_{N})$
(0.6) $\Theta=\sum_{i,j=1}^{N}e_{i}e_{j}A_{ij}, \Theta’=\sum_{i,j=1}^{N}e_{i}’e_{j}’A_{ij}, \Xi=\sum_{i,j=1}^{N}e_{i}e_{j}’A_{ij}$
2 dual pair
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$\Theta$ $\Theta’$ $M$ $e_{1}\cdots e_{N}$ $e_{1}’\cdots e_{N}’$ $2^{M}M!$ Pf $A$




$e_{i},$ $e_{j}’$ $N=2M$ $(-)^{M}$
$\Theta,$ $\Theta’,$ $\Xi$
(0.9) $[\Theta, \Theta’]=4\tau\Xi, [\Theta, \Xi]=2\tau\Theta, [\Theta’, \Xi]=-2\tau\Theta’$
$\tau$ $\mathfrak{s}\mathfrak{l}_{2}$
0.4. (0.2) $U(\epsilon \mathfrak{l}_{2})$
$U(\mathfrak{s}\mathfrak{l}_{2})$ $\mathfrak{s} _{}2$
$X,$ $Y,$ $H$ $2\cross 2$
(0.10) $Xrightarrow\{\begin{array}{ll}0 10 0\end{array}\}, Yrightarrow\{\begin{array}{ll}0 01 0\end{array}\}, Hrightarrow\{\begin{array}{ll}1 00 -1\end{array}\}$
















1.1 ( $ax+b$). 2 Lie
2 Lie
$ax+b$, 1 Lie
$ax+b$ : $A,$ $B$
(1.1) $[A, B]=B$
$2\cross 2$
(1.2) $Arightarrow\{\begin{array}{ll}1 00 0\end{array}\}, Brightarrow\{\begin{array}{ll}0 10 0\end{array}\}$
$s,$ $t$
$U(\mathfrak{g})$ $U(\mathfrak{g})\otimes \mathbb{C}[[s, t]]$
(1.1)
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1.2 $\bullet$ : (1.1)








$L_{A},$ $R_{A}$ ad $A=L_{A}-R_{A}$ $L_{A}$







1.3 $\bullet$ : (1.1)
(1.12) (- $ad$ $B$ ) $A=B$
























1.5 (Remarks) [I]: (1.21) (1.18) $s=1$
(1.22) $e^{tB}(1+t)^{A}=(1+t)^{A+B}$
(1.18) $s=1$












: $P,$ $Q$ $z$ 3 Lie
(2.1) $[P, Q]=z, [P, z]=0=[Q, z]$
(2.2) $[ \partial, x]=1, \partial=\frac{d}{dx}$
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3 2 Lie
Heisenberg Lie $\mathfrak{s}\mathfrak{l}_{2}$ $\epsilon 1_{2}$ contraction,
$\epsilon$ 2 (3 )Heisenberg




2.2. Heisenberg Lie 3
( ) 2
$[P, Q]=z$







2.3. $\partial+x$ $n$ (
$x$
$\partial$ )
(2.7) $[\partial,x^{2}]=[\partial, x]x+x[\partial, x]=2x$
(2.8) $[ \partial, \frac{x^{2}}{2}]=x$
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(2.9) $(- ad\frac{x^{2}}{2})\partial=x\Rightarrow e^{-s\frac{x^{2}}{2}}\partial e^{s\frac{x^{2}}{2}}=\partial+\mathcal{S}X$








(2.13) $( \partial-2x)^{n}. 1=\sum_{p+2r=n}\frac{n!}{p!r!}(-)^{p+r}2^{p}x^{p}$





Heisenberg ( $z$ ) $SL_{2}$ Lie $\mathfrak{s}\mathfrak{l}_{2}$
Heisenberg Lie derivation
0.4 $X,$ $Y,$ $H$ $P,$ $Q$
$[X, P]=Q, [X, Q]=0$ ;
(2.14) $[Y, P]=0, [Y, Q]=P$ ;




(2.15) ($ad$ $X$ ) $P=Q$ ; $(ad$ $X)^{2}P=0$
(2.16) $e^{sX}Pe^{-sX}=P+sQ$









2.5 (Remarks) [I]: $\mathfrak{s}\mathfrak{l}_{2}$
$\mathfrak{s}\mathfrak{l}_{2}$ oscillator
(2.21) $X \mapsto\frac{x^{2}}{2}, Y\mapsto-\frac{\partial^{2}}{2}, H\mapsto x\partial+\frac{1}{2}$
512
(2.22) $P\mapsto\partial, Q\mapsto x$
( ) $\epsilon$ 2
10
$[\ovalbox{\tt\small REJECT} I]$ : Hermite $H_{n}(x)$ , Hermite $\mathcal{H}_{n}(x)$
(2.23) $H_{n}(x)=e^{x^{2}}(-\partial)^{n}. e^{-x^{2}}$
(2.24) $e^{x^{2}}\partial e^{-x^{2}}=\partial-2x$

















( ) : $N=2M$
$N$ Alt$N$ $t_{ij}=-t_{ji}$ $\partial_{ij}=-\partial_{ji}$
(2.29) $\Psi(u)=\{\begin{array}{ll}T u1_{N}-u1_{N} D\end{array}\}$
$2N\cross 2N$ Pfaffian $T=(t_{ij})_{i}^{N_{j=1}}$ $D=(\partial_{ij})_{i}^{N_{j=1}}$
$N\cross N$ $u$ ( )
$2N$ $e_{1},$ $\cdots,$ $e_{N},$ $e_{1}’,$ $\cdots$ , $e_{N}’$ $\Lambda_{2N}\otimes \mathcal{P}\mathcal{D}(Alt_{N})$
(2.30) $\theta+=\sum_{1\leq i,j\leq N}e_{i}e_{j}t_{ij}, \theta_{-}=\sum_{1\leq i,j\leqN}e_{i}’e_{j}’\partial_{ij}, \tau=\sum_{1=i}^{N}e_{i}e_{i}’$
(2.31) $[\theta_{+}, \theta_{-}]=2\tau^{2}$
















$Pf$ $T_{I}$ . $Pf$ $D_{I}$
$r$ skew Capelli element $T_{I},$ $D_{I}$ $I$
3: $\mathfrak{s}\mathfrak{l}_{2}$ $-n$ ilpotent $case-$
3.1. $ax+b$ ((1.22), (1.24)) : $[A, B]=B$
(3.0) $(1+t)^{A+B}=e^{tB}(1+t)^{A}=(1+t)^{A}e^{\frac{t}{1+t}B}.$





$\eta$ 2 Lie $ax+b$ Lie
$ax+b$ :
$A B A+B$
(1) $\frac{H}{2}$ $X$ $\xi$
(3.3)
(2) $- \frac{H}{2}$ $Y$ $\eta$
(3) $-\xi$ $\xi-\eta$ $-\eta$










$\nu=\xi-\eta$ $X,$ $Y,$ $H$
(3.9) $\nu=X-Y+H$
$V=aX+bY+cH$, $ab+c^{2}=0$ ,
$c=0$ $a=0$ $b=0$ (3.0)
$c\neq 0$







3.2. Gauss (3.12) $e^{uX}$ $e^{vY}$ $(u, v )$ .
(3.13) (ad $Y$) $X=-H,$ $($ad $Y)^{2}X=-2Y,$ $($ad $Y)^{3}X=0$










3.3. Remark: (3.3) (3) (4) $B$ $[A, B]=B$
$\kappa$ $A=\eta,$ $B=\kappa(\xi-\eta)$ $A+B=\kappa\xi+(1-\kappa)\eta$







$\bullet$ [I] Gauss : $V=aX+bY+cH$ $ab+c^{2}=0$
(3.12 bis) $e^{tV}=e \frac{t}{1-ct}aX(1-ct)^{-H}e\frac{t}{1-ct}bY$
$\bullet$ [11] :






4.1 (Gauss ) : ( ) $[||]$ , [ ] Gauss
( ) : $\alpha_{i},$ $\beta_{i},$ $\gamma_{i}(i=1,2,3)$
(4.3) $g_{i}=e^{\gamma_{i}}arrow^{\alpha}x\gamma_{i}^{-H}e^{\frac{\beta}{\gamma_{i}}\dot{l}}Y (i=1,2,3)$














(4.7) $h=\{\begin{array}{ll}a bc d\end{array}\}$
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$\Delta=\det h=ad-bc$
(4.8) $h^{-1}= \frac{1}{\Delta}\{\begin{array}{ll}d -b-c a\end{array}\}$
$X,$ $Y$ $2\cross\cdot 2$ $X^{*}=hXh^{-1},$ $Y^{*}=hYh^{-1}$
$\Delta$
$V_{2}$ :
$\{\begin{array}{ll}a bc d\end{array}\}\{\begin{array}{ll}0 10 0\end{array}\}\{\begin{array}{ll}d -b-c a\end{array}\}=\{\begin{array}{ll}-ac a^{2}-c^{2} ac\end{array}\}$


















4.3 ( constraint) : $\beta_{3}=0$ $s$ $t$








(4.17) $\frac{\alpha_{3}}{\gamma_{3}}=\frac{s\Delta(\Pi-ac\Delta s)}{(d-c\Delta s)^{2}},$
(4.18) $\Delta=ad-bc, \Pi=ad+bc$










(4.27) $X^{*}=hXh^{-1}= \frac{1}{2}(X-Y+H) , Y^{*}=hYh^{-1}=\frac{1}{2}(-X+Y+H)$
4.4 ( $Pf^{2}=\det$ ) : (0.2)
(0.9) $\Theta,$ $\Theta’$ , $\mathfrak{s}\mathfrak{l}_{2}$
2 Heisenberg illegal (
),















(4.33) $X^{*}=- \frac{\Theta^{*/}}{4\tau}, Y^{*}=\frac{\Theta^{*}}{4\tau}$
.
: (4.33)











$f_{1}\cdots f_{N}\cdot f_{1}’\cdots f_{N}’$
(4.40) $(-)^{M} \frac{1}{2^{2M}}$ $(Pf$ $A)^{2}$
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$e_{1}\cdots e_{N}\cdot e_{1}’\cdots e_{N}’$
(4.43) $(-)^{\frac{N(N-1)}{2}}Det(A+ diag(M-1, M-2, \cdots, -M))$
Pfaffian (0.2) :
(0.2 bis) $($Pf $A)^{2}=Det(A+ diag(M-1, M-2, \cdots, -M))$
5: $\mathfrak{s}\mathfrak{l}_{2}$ $-semi$-simple case –
















5.1 ( Gauss (1)) :
$t=1-e^{-2\delta x}$ $t$ $x$ (5.4)
(5.6) $e^{xL_{=e}\frac{v}{u-cv}aX}(u-cv)^{-H}e \frac{v}{u-cv}bY$
(5.7) $u=u(x)= \cosh(\delta x) , v=v(x)=\frac{\sinh(\delta x)}{\delta}$
$\deltaarrow 0$ $u(x)arrow 1,$ $v(x)arrow x$ (3.12) $\hat{}$
:( $t$ $x$ )
(3.12 bis) $e^{xV}=e \frac{x}{1-cx}aX(1-cx)^{-H}e\frac{x}{1-cx}bY$
5.2 ( Gauss (2)) :
(5.8) $y= \delta\coth(\delta x)=\frac{\delta\cosh(\delta x)}{\sinh(\delta x)}=\frac{u}{v}$
$z^{-1}=y-c=(u-cv)/v$
(5.9) $e^{2\delta x}= \frac{y+\delta}{y-\delta}=\frac{z^{-1}+c+\delta}{z^{-1}+c-\delta}=\frac{1+(c+\delta)z}{1+(c-\delta)z}$
$v$ $z$






$L$ 1 $1+(c+\delta)z$ $1+(c-\delta)z$
$H$ 1 (5.12)
5.3 ( ) : Gauss
Gauss
${}_{2}F_{1}$
(5.13) $(1-\alpha t)^{-Z}(1-\beta t)^{-W}$
$t^{n}$
(5.14) $\alpha^{n}\frac{(Z)_{n}}{n!}{}_{2}F_{1}(_{-Z-n+1}n,W;\alpha^{-1}\beta)$




















$\mathfrak{s}\mathfrak{l}_{2}$ 3 Heisenberg Lie
( )
$X,$ $Y,$ $H$ $\epsilon$
$P_{\epsilon}=\epsilon X, Q_{\epsilon}=\epsilon Y, z_{\epsilon}=\epsilon^{2}H$
$[P_{\epsilon}, Q_{\epsilon}]=z_{\epsilon}, [z_{\epsilon}, P_{\epsilon}]=2\epsilon^{2}P_{\epsilon}^{-}, [z_{\epsilon}, Q_{\epsilon}]=-2\epsilon^{2}Q_{\epsilon}$
$\epsilonarrow 0$
$z_{\epsilon}$
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